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Abstract
We study the effects of interference between the self-dual and anti self-dual
massive modes of the linearized Einstein-Chern-Simons topological gravity.
The dual models to be used in the interference process are carefully analyzed
with special emphasis on their propagating spectrum. We identify the oppo-
site dual aspects, necessary for the application of the interference formalism on
this model. The soldered theory so obtained displays explicitly massive modes
of the Proca type. It may also be written in a form of Polyakov-Weigman
identity to a better appreciation of its physical contents.
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I. INTRODUCTION
This paper is devoted to analyze and explore the effects of interference between the self
and anti self-dual spin-2 modes of the linearized Einstein-Chern-Simons theory put forward
by Aragone and Khoudeir [1] as a spin two extension of the self-dual models proposed by
Townsend, Pilch and van Nieuwenhuizen [2] many years ago. This study is done in the
context of the soldering technique [3,4] that is dimensionally independent and designed to
work with distinct manifestations of the dual symmetry [5,6].
Duality symmetry is being the focus of intense study both in physics and mathematics [7].
The physical meaning of this well appreciated concept is being gradually clarified [8–10]. In
particular, the study of electromagnetic duality has been revived [8,11,12] and a natural self-
dual structure identified [13–16]. Although initialy explored in the context of 4D Maxwell
theory to provide an explanation to charge quantization [17], its scope has been considerably
enlarged and extended to other dimensions. The idea of self-duality has been extended
outside the electromagnetic context and to all space-time dimensions, both even and odd.
In the context of the latter, self dual models in three spacetime dimensions have been
studied, and their mathematical structure closely related to global aspects of anomalies
have been highlighted. The practical connection of self dual models as well as topologically
massive models with the investigation of planar physics like quantum Hall effect and high
Tc superconductivity is well understood. More important to our studies, the extension of
these theories to gravity has also been formulated [18]. Much effort has been given in the
analysis of several technical aspects of self-dual actions and analogies among such actions in
different dimensions have been suggested [19,20].
On the other hand, the role of the soldering formalism as a quantitative technique is being
progressively unveiled and its consequences in diverse dimensions explored. In two space-
time dimensions a new interpretation for the phenomenon of dynamical mass generation,
known as Schwinger mechanism [21], has been proposed which explores the ability of the
soldering formalism to embrace interference effects [22,23]. The effects of the interference
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have also been computed in a study of the chiral diffeomorphism algebra for theW2 [24] and
W3 [25] gravities, in the separation of the no-mover mode of the Siegel chiral boson theory [26]
and in some structures of the chiral WZW theory [27]. Extensions of this mechanism to three
[19] and four [20] space-time dimensions have been examined recently [19]. In particular,
interference in three and four space-time dimensions, in the electromagnetic context, were
also the object of a recent investigation [5].
The object of this work is to investigate certain structures of dualities that, as far as we
are aware, have not been explored before. We clearly show the possibility to fuse or solder
the self and anti self-dual massive degrees of freedom of the associated self-dual gravity into
an effective action that naturally contains the two modes, in an explicitly massive form.
Through the soldering operation, the self and anti self-dual field operators are then shown
to correspond to the square root of the massive operator.
The soldering technique is developed in the next section in the context of the spin one
three dimensional self-dual theory. Section 3 contains our main proposal. There the soldering
formalism is applied to the case of spin two self-dual gravity generating a new and interesting
result. We discuss the outcome of our studies in the last section.
II. SOLDERING OF THE SPIN ONE SELF-DUAL MODES
This section is devoted to the analysis of the soldering process in the spin one self-dual
theories. This is done to introduce the method and our notation. The three dimensional
self-dual model, first discussed by Townsend, Pilch and van Nieuwenhuizen [2], is given by
the following action,
Sχ[f ] =
∫
d3x
(
χ
2m
ǫµνλf
µ∂νfλ +
1
2
fµf
µ
)
, (1)
where the signature of the topological terms is dictated by the sign of χ. Here the mass
parameter m is inserted for dimensional reasons and ǫ012 = 1.
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A. Physical Spectrum
We will discuss now the propagating degrees of freedom of this model. To this end we
use the Hamiltonian reduction technique put forward in [28] and [29]. A first insight is given
by the equations of motion which, in the absence of sources, is given by,
fµ =
χ
m
ǫµνλ∂
νfλ . (2)
¿From there the following relations may be easily verified,
∂µf
µ = 0 ,
(
✷+m2
)
fµ = 0 , (3)
showing that only the tranverse sector of fµ is a propagating mode. The counting of degrees
of freedom can however be put in a more formal presentation. Let us rewrite (1) in a 2+1
decomposition that reads, after a global change of sign,
Sχ[f ] =
∫
d3x
(
a
f
b f˙
b − V (f, ∂f)
)
. (4)
where (a, b = 1, 2) and dot means time derivative, as usual. Our goal is to construct
the symplectic matrix in an iterative fashion. By inspection the symplectic variables are
identified as,
ξ{I} = (f0, f1, f2) , (5)
and the canonical one-form read,
a
f
0 = 0 ,
a
f
b =
χ
2m
ǫab f
a . (6)
The symplectic potential, playing the role of Hamiltonian density is,
V (f, ∂f) =
1
2
fµf
µ +
χ
m
ǫab f0 ∂
af b . (7)
The symplectic matrix is defined by [28]
4
F (0){I},{J}(x, y) =
δa{I}(x)
δξ{J}(y)
− δa{J}(y)
δξ{I}(x)
, (8)
and its value is given by
F (0){I},{J}(x, y) =


f0 f1 f2
f0 F f0f0 F f0f1 F f0f2
f1 F f1f0 F f1f1 F f1f2
f2 F f2f0 F f2f1 F f2f2


,
where
F f0f0(x, y) = F f0fj (x, y) = F fjf0(x, y) = 0 ,
F fifj (x, y) = χ
m
ǫij δ(x− y) . (9)
This operator has an obvious zero-mode,
∫
d3yF (0){I},{J}(x, y)V{J}(y) = 0 , (10)
with,
V{J}(y) =


u(y)
0
0

 ,
and u(y) being an arbitrary function. This zero-mode selects a true symplectic constraint
[29] as,
Ω =
∫
d3y
[
∂{J}H0
]T V{J}(y) , (11)
where T stands for matrix transposition. A simple algebra shows,
Ω = f0 +
χ
2m
ǫab ∂
af b . (12)
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Due to the iterative nature of this procedure, one may interpret this constraint as a
secondary symplectic constraint. The first-iterated action now reads,
S(1)χ [f ] =
∫
d3x
[
a
f
i f˙
i + aλ(f) λ˙− V (f, ∂f)
]
. (13)
where λ is the symplectic multiplier and aλ(f) = Ω. Notice that we have now an enlarged
set of symplectic variables ξ → ξ¯ = (ξ, λ) and canonical one-form aI → a¯I = (aI ,Ω). The
first-iterated symplectic matrix, defined as,
F (1){I},{J}(x, y) =
δa¯{I}(x)
δξ¯{J}(y)
− δa¯{J}(y)
δξ¯{I}(x)
, (14)
now reads,
F (1){I},{J}(x, y) =


f0 f1 f2 λ
f0 F f0f0 F f0f1 F f0f2 F f0λ
f1 F f1f0 F f1f1 F f1f2 F f1λ
f2 F f2f0 F f2f1 F f2f2 F f2λ
λ Fλf0 Fλf1 Fλf2 Fλλ


,
where the new elements are given by
F f0λ(x, y) = −Fλf0(x, y) = −δ(x− y) ,
F f1λ(x, y) = −Fλf1(x, y) = χ
2m
∂yδ(x− y) ,
F f2λ(x, y) = −Fλf2(x, y) = − χ
2m
∂xδ(x− y) ,
Fλλ(x, y) = 0 ,
(15)
Since this matrix is now invertible, the associated zero-mode is a trivial one, so that the
model has no more constraints [28]. The associate Dirac brackets are immediately obtained
taking the inverse elements of (14). We are now in position the realize the counting of degrees
of freedom. We have three symplectic variables (f0, f1 and f2 - recall that λ is a symplectic
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multiplier) and one constraint (Ω) resulting in two phase-space degrees of freedom or one
configuration space degree of freedom. This result confirms our previous Lagrangian analysis
(3).
B. Effects of Interference
It is useful to clarify the meaning of the self duality inherent in this action. A field dual
to fµ is defined as,
∗fµ =
1
m
ǫµνλ∂
νfλ . (16)
Repeating the dual operation, we find,
∗(∗fµ) =
1
m
ǫµνλ∂
ν ∗fλ = fµ , (17)
obtained by exploiting (3), thereby validating the definition of the dual field. Combining
these results with (2), we conclude that,
fµ = −χ ∗fµ , (18)
Hence, depending on the signature of χ, the theory will correspond to a self-dual or an
anti self-dual model. After this brief digression on the definition and meaning of self dual
components, we start the discussion regarding the effects of their interference.
The technique of soldering [3] constitutes, essentially, in lifting simultaneously the gaug-
ing of the dual global symmetry of each component into a local version for the combined
system, in this way defining the effective action. It must be stressed that the fusing process
always needs that two opposite aspects of a symmetry are present and this is indifferent of
the spacetime dimension. The crucial point is that the components are considered as func-
tions of distinct variables. A naive addition of these (anti) self-duals actions, if considered
as functions of the same variables, leads to a trivial result. In the same manner a direct sum
of the actions also would not lead to anything new. It is exactly the soldering process that
leads to a non trivial effective action.
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Let us consider the self-dual and the anti self-dual models as,
S+[fµ] =
∫
d3x
(
1
2m
ǫµνλf
µ∂νfλ +
1
2
fµf
µ
)
,
S−[gµ] =
∫
d3x
(
− 1
2m
ǫµνλg
µ∂νgλ +
1
2
gµg
µ
)
, (19)
where fµ and gµ are the distinct bosonic vector fields. To effect the soldering we have to
consider the gauging of the following symmetry,
δfµ = δgµ = ǫµρσ∂
ρασ , (20)
which will be referred to as soldering symmetry. Under such transformations, the La-
grangians change as,
δL± = Jρσ± (hµ)∂ρασ ; hµ = fµ, gµ , (21)
where the corresponding antisymmetric Noether currents are,
J
ρσ
± (hµ) = ǫ
µρσhµ ±
1
m
ǫγρσǫµνγ∂
µhν . (22)
Next we introduce the soldering field coupled with the antisymmetric currents. In the two
dimensional case this was a vector. Its natural extension now is the antisymmetric second
rank Kalb-Ramond tensor field Bρσ, transforming in the usual way,
δBρσ = ∂ρασ − ∂σαρ . (23)
Then it is easy to see that the modified actions,
S
(1)
± [hµ] = S±[hµ]−
1
2
∫
d3x J
ρσ
± (hµ)Bρσ , (24)
transform as,
δS
(1)
± = −
1
2
∫
d3x δJ
ρσ
± Bρσ , (25)
under (20) and (23). The final modification consists in adding a term to ensure gauge
invariance of the soldered Lagrangian. This is achieved by,
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S
(2)
± = S
(1)
± +
1
4
∫
d3x BρσBρσ . (26)
A straightforward algebra shows that the following combination,
SS(f, g, B) = S
(2)
+ (f) + S
(2)
− (g)
= S+(f) + S−(g)− 1
2
∫
d3x
[
Bρσ
(
J+ρσ(f) + J
−
ρσ(g)
)
+BρσBρσ
]
, (27)
is invariant under the gauge transformations (20) and (23). The gauging of the soldering
symmetry is therefore complete. To return to a description in terms of the original variables,
the ancillary soldering field is eliminated from (27) by using the equations of motion,
Bρσ =
1
2
(
J+ρσ(f) + J
−
ρσ(g)
)
. (28)
Inserting this solution in (27), the final soldered Lagrangian is expressed solely in terms of
the currents involving the original fields,
Seff (f, g) = S+(f) + S−(g)−
1
8
∫
d3x
(
J+ρσ(f) + J
−
ρσ(g)
)(
J
ρσ
+ (f) + J
ρσ
− (g)
)
. (29)
It is now crucial to note that, by using the explicit structures for the currents, the above
Lagrangian is no longer a function of fµ and gµ separately, but only on the invariant com-
bination,
Aµ =
1√
2m
(gµ − fµ) , (30)
with,
Seff(Aµ) =
∫
d3x
[
−1
4
FµνF
µν +
m2
2
AµA
µ
]
, (31)
where,
Fµν = ∂µAν − ∂νAµ , (32)
is the usual field tensor expressed in terms of the basic entity Aµ. Notice that the effective
variable is an invariant combination (under the soldering transformations) of the original
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variables. The soldering mechanism has precisely fused the self and anti self-dual sym-
metries to yield a massive Maxwell theory that acommodates naturally the two degrees of
freedom corresponding to these symmetries, thus preserving the degrees of freedom counting
throughout its formalism. It is also interesting to observe that the nonivariant nature of
the basic dual components under the ordinary gauge transformations has been preserved.
Were the original systems pure gauge invariant systems (like Maxwell-Chern-Simons) the
resulting soldered action would corresponds to the Stueckelberg-Proca action [5].
III. SOLDERING OF THE SPIN-2 SELF-DUAL MODELS
Now we pass to consider the higher spin case. Let us begin by examining the following
first order Lagrangian, which describes a spin-2 self-dual model in D = (2 + 1) spacetime
dimensions [1,30],
Sχ =
∫
d3x
[
χ
2m
ǫµαβ ηνλ hµν ∂αhβλ − 1
2
hµν h
νµ +
1
2
h2
]
, (33)
where hµν is a non-symmetric second order tensor, h ≡ ηµνhµν and the mass parameter m
is introduced on dimensional basis. Our convention is ηµν = diag(−1,+1,+1). The first
term is the usual Chern-Simons term, whereas the last two form the Fierz-Pauli mass term.
This Lagrangian is linearized about the dreinbein field eµν as eµν = ηµν + κ hµν . It can be
shown [30] that the signature of χ determines the field’s helicity. So we can think of S±
as describing theories of opposite helicities. The equivalence between this self-dual model
(33) and the so-called (linearized) topologically massive gravity [18] is shown by means of
an associated master action [1].
A. Physical Spectrum
In this subsection we discuss the physical content of this theory. To this end we use the
Hamiltonian reduction technique put forward in [28] and [29] and briefly discussed for the
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spin one case in Subsection II.A. Some insight may be obtained already at the Lagrangian
level allowing us to discuss the (propagating) spectrum of this theory. Independent variations
of hµν gives the field equations for the model,
hνµ − ηµν h = 1
m
ǫµαβ ηνλ ∂αhβλ . (34)
Taking the divergence and rotational of Eq.(34), leads to the following expression,
4m2 (hνµ − ηµν h) = −2✷ (hµν + hνµ)− 2 ∂µ∂νh+ ∂µ
[
∂λ
(
2 hνλ + hλν
)]
+ ∂ν
[
∂λ
(
2 hµλ + hλµ
)]
, (35)
that only reduces to a Klein-Gordon equation for the symmetric, transverse and traceless
sector of hµν . This gives a clear indication of the non propagating nature of the anti-
symmetric sector of hµν . In this case we have a (massive) propagation mode (this result was
also shown by evaluating the vacuum amplitude in the presence of an external source [1])
where the harmonic gauge condition
∂µ (h
µν − ηµν h) = 0 , (36)
is naturally satisfied.
To confirm the prediction above we develop next a canonical analysis of this theory using
the symplectic approach [28,29]. This will permit a proper counting of the propagating
degrees of freedom. Let us start writing (33) in a 2+1 decomposition,
Sχ =
∫
d3x
1
2m
[−2h00(χǫij∂ihj0 +mhii) + 2h0k(χǫij∂ihjk +mhk0)
− χhikǫij h˙jk + χhi0ǫij h˙j0 +m(hiihjj − hijhji)
]
, (37)
where (i, j and k = 1, 2) and dot means time derivative. Next we introduce the following
redefinition [30]
n = h00 ,
Ni = hi0 ,
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Mi = h0i ,
Hij =
1
2
(hij + hji) ,
V =
1
2
ǫijhij , (38)
where we have separated the symmetric (Hij) and anti-symmetric (V ) parts of hij . After
this, the action (37) assumes the form,
Sχ =
∫
d3x
1
2m
[
−2χH˙ij [δijV −
1
4
(ǫikHkj + ǫjkHki)]− χN˙iǫijNj
− 2n(χǫij∂iNj +Hii) + 2Mk(χǫij∂iHjk +mNk − χ∂kV )
− m(HijHij −HiiHjj)− 2mV V ] . (39)
Notice that n and Mk are not true dynamical variables but just Lagrange multipliers en-
forcing the constraints
ψ ≡ χǫij∂iNj +mHii ,
ψk ≡ χǫij∂iHjk +mNk − χ∂kV . (40)
As before we construct the symplectic matrix in an iterative fashion. Following the prescrip-
tion of [29] we perform a further redefinition
n→ −η˙ ,
Mi → µ˙i , (41)
to obtain the (zeroth-iterated) action
S(0)χ [ξ] =
∫
d3x
[
aη(ξ) η˙ + aµk(ξ) µ˙k + a
H
ij (ξ) H˙ij + a
N
i (ξ) N˙i −H0
]
. (42)
Here ξ = Hij, Ni, V are the symplectic variables and a{I}(ξ) are the canonical one-form
defined by,
aη(ξ) =
1
m
ψ ,
a
µ
k(ξ) =
1
m
ψk ,
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aHij (ξ) =
−χ
m
[δijV −
1
4
(ǫikHkj + ǫjkHki)] ,
aNi (ξ) =
−χ
2m
ǫijNj ,
aV (ξ) = 0 , (43)
and
H0 = 2m (Hij Hij −HiiHjj) + 2m2 V 2 . (44)
The (zeroth-order) symplectic matrix, defined as [28,29]
F (0){I},{J}(x, y) =
δa{I}(x)
δξ{J}(y)
− δa{J}(y)
δξ{I}(x)
, (45)
gives,
F (0){I},{J}(x, y) =


η µl Hln Nl V
η Fηη Fηµl FηHln FηNl FηVl
µi Fµηi Fµµi,l FµHi,ln FµNi,l FµVi,l
Hij FHηij FHµij,l FHHij,ln FHNij,l FHVij
Ni FNηi FNµi,l FNHi,ln FNNi,l FNVi,l
V FV η FV µl FV Hln FV Nl FV Vl


,
where the non-vanishing matrix elements read,
FηHln (x, y) =
1
m
δln δ(x− y) ,
FηNl (x, y) = −
χ
m
ǫlp ∂
x
p δ(x− y) ,
FµHi,ln(x, y) = −
χ
m
δin ǫlp ∂
x
p δ(x− y) ,
FµNi,l (x, y) = δil δ(x− y) ,
FµVi (x, y) = −
1
m
∂xi δ(x− y) ,
FHηij (x, y) = −
1
m
δij δ(x− y) ,
FHµij,l (x, y) =
χ
m
δjl ǫip ∂
y
pδ(x− y) ,
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FHHij,ln(x, y) =
1
4m
[2 ǫil δjn + ǫjl δin − ǫni δlj] δ(x− y) ,
FHVij (x, y) = −
1
m
δij δ(x− y) ,
FNηi (x, y) =
χ
m
ǫip ∂
y
pδ(x− y) ,
FNNi,l (x, y) = −
1
m
ǫil δ(x− y) ,
FV µl (x, y) =
χ
m
∂
y
l δ(x− y) ,
FV Hln (x, y) =
1
m
δln δ(x− y) , (46)
and
Fηη(x, y) = Fηµl (x, y) = FηV (x, y) = Fµηi (x, y) = Fµµi,l (x, y) = FHNij,l (x, y) = 0 ,
FNµi,l (x, y) = FNHi,ln (x, y) = FNVi (x, y) = FV η(x, y) = FV Nl (x, y) = FV V (x, y) = 0 . (47)
This is a singular matrix. The easiest way of seeing this is by noticing the presence of a
zero-mode,
∫
d3yF (0){I},{J}(x, y) ,V{J}(y) = 0 , (48)
with,
V{J}(y) =


Vη(y)
Vµl (y)
VHln(y)
VNl (y)
VV (y)


,
whose explicit elements read,
Vη(y) = Vµl (y) = 0 ,
VHln(y) =
2
m
ǫlnu(y) ,
VNl (y) =
1
m2
∂lu(y) ,
VV (y) = − 1
m
u(y) . (49)
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Here u(y) is an arbitrary function satisfying proper boundary conditions. This zero-mode
signalizes the presence of another constraint, given by
Ω =
∫
d3y
[
∂{J}H0
]T V{J}(y) , (50)
where T stands for matrix transposition. A simple algebra shows,
Ω = V . (51)
Due to the iterative nature of this procedure, one may interpret this constraint as a secondary
symplectic constraint, in complete analogy with Dirac’s procedure [30]. The first-iterated
action now reads,
S(1)χ [ξ] =
∫
d3x
[
aη(ξ) η˙ + aµk(ξ) µ˙k + a
H
ij (ξ) H˙ij + a
N
i (ξ) N˙i + a
λ(ξ) λ˙−H0
]
, (52)
where λ is the symplectic multiplier and aλ(ξ) = Ω. Notice that we have now an enlarged set
of symplectic variables ξ → ξ¯ = (ξ, λ) and momenta aI → a¯I = (aI ,Ω). The first-iterated
symplectic matrix, defined as,
F (1){I},{J}(x, y) =
δa¯{I}(x)
δξ¯{J}(y)
− δa¯{J}(y)
δξ¯{I}(x)
, (53)
now reads,
F (1){I},{J}(x, y) =


η µl Hln Nl V λ
η Fηη Fηµl FηHln FηNl FηV Fηλ
µi Fµηi Fµµi,l FµHi,ln FµNi,l FµVi Fµλi
Hij FHηij FHµij,l FHHij,ln FHNij,l FHVij FHλij
Ni FNηi FNµi,l FNHi,ln FNNi,l FNVi FNλi
V FV η FV µl FV Hln FV Nl FV V FV λ
λ Fλη Fλµl FλHln FλNl FλV Fλλ


,
where the new λ-elements are given by
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FV λ(x, y) = − 1
m
δ(x− y) ,
FλV (x, y) = 1
m
δ(x− y) , (54)
and
Fηλ(x, y) = Fµλi (x, y) = FHλij (x, y) = FNλi (x, y) = Fλλ(x, y) = 0 ,
Fλη(x, y) = Fλµl (x, y) = FλHln (x, y) = FλNl (x, y) = 0 . (55)
By following the steps above, it can be shown that the corresponding zero-mode is trivial,
so that there are no more constraints. It is now a simple task to perform the counting of
degrees of freedom in this system. There are six true symplectic variables (Hij , Ni and V ;
we recall that η, µk and λ are just multipliers) and four constraints (ψ, ψk and Ω) totalyzing
two independent phase-space variables or one degree of freedom as discussed above.
B. Effects of Interference - Spin 2
Next we discuss the meaning of self and anti self-duality in this model. We define the
duality transformation as
⋆hνµ ≡ 1
m
ǫµαβ ηνλ ∂αhβλ . (56)
In order to give a sensible definition for self and anti self-duality, this operation must be
idempotent. Indeed we can show that
⋆ (⋆hνµ) = hνµ , (57)
by using the equations of motion, guaranteeing the existence of self and anti-self dual so-
lutions. Observe that this duality construction does not depend on considering hµν as a
symmetric, tranverse and traceless field. It is valid also for a non-symmetrical field. Let us
write explicitly the separated actions leading to these dual solutions in terms of two distinct
and independent variables
16
S+(f) =
∫
d3x
[
1
2m
ǫµαβ ηνλ fµν ∂αfβλ −
1
2
fµν f
νµ +
1
2
f 2
]
, (58)
S−(g) =
∫
d3x
[
− 1
2m
ǫµαβ ηνλ gµν ∂αgβλ − 1
2
gµν g
νµ +
1
2
g2
]
. (59)
Here S± represents the self-dual and anti self-dual theories, fµν and gµν being their fields,
respectively. This separation will be crucial below, when performing the soldering of these
theories. Note that, since we are interested in propagating modes, we can safely put both
f ≡ ηµνfµν and g ≡ ηµνgµν equal to zero.
Let us discuss next the soldering of the above actions. Consider the following local
transformation
δ h±µν = ∂µξν , (60)
with ξ being an infinitesimal parameter. As noted earlier h+µν ≡ fµν and h−µν ≡ gµν .
Under the field transformation (60), the self (S+) and anti-self (S−) actions transform as
δS± =
∫
d3x ∂µξν J
νµ
± , (61)
where the associated Noether currents are given by
J
νµ
± = ±
1
m
ǫµαβ ηνλ ∂αhβλ − hνµ . (62)
Although (60) is not a symmetry transformation for both S+ and S−, the soldering formalism
will enable us to find a non-trivial composite theory, which is invariant by (60). To proceed,
we again make use of an iterative Noether procedure. Introducing an auxiliary field Bµν
(the soldering field) which is coupled with the currents J±µν so that to act as a counter-term
to establish the invariance, we get the following iterated Lagrangians,
S± → S(1)± = S± −
∫
d3x Bµν J
νµ
± . (63)
If we impose the following transformation for Bµν
δBµν = ∂µξν , (64)
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then it is possible to find an effective theory invariant by both transformations (60) and
(64),
Seff = S
(1)
+ + S
(1)
− +
∫
d3x Bµν B
νµ . (65)
This action is written solely in terms of the original fields after the auxiliary field, Bµν is
eliminated by its equations of motion. In fact, by using the explicit structures for the currents
(62), the effective Lagrangian (65) is no longer a function of the individual dual components
hµν and fµν , but only on a combination, invariant under the soldering transformations (60)
Aµν =
1
m
(fµν − gµν) . (66)
Indeed, after some algebra, we find
Seff =
∫
d3x
[
−1
4
F[µν]λ F
[µν]λ +
m2
2
Aµν A
µν
]
, (67)
where
F[σρ]τ = ∂σAτρ − ∂ρAτσ , (68)
is the associated field tensor for the basic entity Aµν . We have succeeded in producing the
fusion of the self and anti-self dual massive degrees of freedom into a massive, Maxwell like
theory for a new entity Aµν , that naturally contains both massive propagations.
Let us next rewrite our result into two different forms that will help to further clarify the
physical meaning of the soldered action. Firstly we observe that the effective Lagrangian
(67) can be written in the following factorized form
Seff =
∫
d3x
[
Ω+µν(A) Ω
µν
− (A)
]
, (69)
with
Ω±µν(A) = Aµν ∓
1
2m
(ηνλ ǫµαβ + ηµλ ǫναβ) ∂
αAλβ . (70)
In this form it becomes clear that the soldered effective action indeed contains both the self
and anti self dual solutions, but in terms of the gauge invariant field Aµν . By solving the
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equations of motion for (69), we get,
(
ηµληνβ ∓
1
2m
(ηνλ ǫµαβ + ηµλ ǫναβ) ∂
α
) (
ηµσηλρ ± 1
2m
(
ηλσ ǫµγρ + ηµσ ǫλγρ
)
∂γ
)
Aρσ = 0 .
It can be appreciated from the above expression that the self and anti self dual operators,
may be interpreted as the square-root operators of the massive Maxwell equations very
much like the Dirac operator is interpreted as the square-root of the massive Klein-Gordon
operator.
Finally, let us display the result in terms of a relation that includes the individual com-
ponents through a Polyakov-Weigman like relation. Indeed, a simple algebra shows,
Seff(h− f) = Seff(h) + Seff (f)− 2
∫
d3x Ω+µν(h) Ω
µν
− (f) . (71)
This identity states that the gauge invariant action on the left hand side can be written
in terms of the gauge variant components on the right hand side, but a contact term is
necessary to restore the symmetry. This is the basic content of the (2D) Polyakov-Weigman
identity. As our analysis shows, such identities will always occur whenever dual aspects of
a symmetry are being soldered to yield an enlarged effective action. In that case it was the
chiral symmetry, while here it is 3D self-duality.
IV. CONCLUSIONS
In this work we studied the effects of interference between the self-dual modes of both
the spin 1 vector model and the linearized Einstein-Chern-Simons topological gravity. We
reviewed the physical spectrum of these models, first at an heuristic Lagrangian way and
finally at a more formal presentation using the symplectic Hamiltonian reduction. The con-
straints associated with these models were found, and their propagating degrees of freedom
were shown to be a massive transverse field for the spin-1 model and massive, symmetric,
transverse and traceless spin-2 mode for the self-dual gravity.
The appropriate duality transformations have been disclosed for both models and shown
to led to a self-dual structure. The ideas and notions of the soldering formalism, were
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elaborated by considering the self and anti-self dual formulations of the models. In particular
the constraint nature of the theory is not modified. Here the soldering of second-class self-
dual models led to a second-class Proca-like theory but we had the opportunity to observe
that the soldering of first-class systems leads to first-class systems as well. The important
point of departure being that the new group of symmetry is not a mere direct product of
the individual components [24]. The interference between these opposite duality aspects has
led to a nontrivial theory encompassing and extending the symmetries of both aspects in a
single effective theory.
Moreover, the effective soldered theory is naturally provided with a discrete set of trans-
formations that swaps the self and anti self dual components. This theory could be recast
in a variety of different forms, illuminating the physical nature of the interference effects.
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